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Abstract 



i -^h ! We define an integral version of Sczech's Eisenstein cocycle on GL n by smoothing 

at a prime I. As a result we obtain a new proof of the integrality of the values at 
nonpositive integers of the smoothed partial zeta functions associated to ray class 
extensions of totally real fields. We also obtain a new construction of the p-adic L- 
functions associated to these extensions. Our cohomological construction allows for 
a study of the leading term of these p-adic L-functions at s = 0. We apply Spiess's 
. formalism to prove that the order of vanishing at s = is at least equal to the expected 

one, as conjectured by Gross. This result was already known from Wiles' proof of the 
Iwasawa Main Conjecture. 
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Introduction 

Let F be a totally real field of degree n, and let f be an integral ideal of F . For a fractional 
ideal a of F relatively prime to the conductor f, consider the partial zeta function 

Cf(M) = E^I» Re( S )>l. (1) 

Here the sum ranges over integral ideals b C F equivalent to a in the narrow ray class 
group modulo f, which we denote A classical result of Siegel and Klingen states that 
the partial zeta functions Q{a, s), which may be extended to meromorphic functions on the 
complex plane, assume rational values at nonpositive integers s. Siegel proved this fact 
by realizing these special values as the constant terms of certain Eisenstein series on the 
Hilbert modular group associated to F. The rationality of the constant terms follows from 
the rationality of the other Fourier coefficients, which have a simple form. 

Shintani gave an alternate proof of the Siegel-Klingen result using a "geometry of num- 
bers" approach. Shintani fixed an isomorphism F®qR = R ra , and considered a fundamental 
domain D for the action of the group of totally positive units in F congruent to 1 modulo f 
on the totally positive orthant of R n . The partial zeta functions of F could then be expressed 
as a sum indexed by the points of D contained in various lattices in R n . Shintani evaluated 
these sums using standard techniques from complex analysis and expressed them explicitly 
in terms of sums of products of Bernoulli polynomials. 

In 1993, Sczech gave yet another proof of the Siegel-Klingen rationality theorem. He 
defined an "Eisenstein" cocycle \l/ on GL n (Q) valued in a space of Q- valued distributions 
denoted Mq. He then showed that the cohomology class [&] £ fP -1 (GL n (Q), Mq) could be 
paired with certain classes in a dual homology group to yield the special values of all totally 
real fields F of degree n at nonpositive integers, thereby demonstrating their rationality. 
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Each of these proofs of the Siegel-Klingen rationality theorem bears an integral refine- 
ment. Deligne and Ribet gave such a refinement of Siegel's method following an idea initiated 
by Serre. They constructed a model over Z of the relevant Hilbert modular scheme, and 
proved that its fibers in characteristic p are geometrically irreducible. Meanwhile, Barsky 
and Pi. Cassou-Nogues proved an integral refinement of Shintani's formulas and interpreted 
these results in terms of p-adic measures. 

The first goal of the present paper is to provide an integral refinement of Sczech's cocycle 
We introduce a "smoothing" operation with respect to a prime £, and use it to define 
a cocycle ^£ that satisfies an important integrality property (see Theorem H] below for a 
precise statement). As an application of our results, we give new proofs of the following two 
celebrated theorems of Deligne-Ribet and Cassou-Nogues. 

Theorem 1. Let c be an integral ideal of F relatively prime to f with prime norm i. The 
smoothed zeta function 



assumes values in Z[l/£] at nonpositive integers 

Our integrality results further allow for a new construction of the Deligne-Ribet-Cassou- 
Nogues p-adic zeta functions Cf,c,p( a ) s ) interpolating the classical zeta values Cf,c(a, s). Define 
Cf*(d) s) as in (frj, but with the sum restricted to ideals b relatively prime to p; define Cf* c ( a ' s ) 
from Cf*( a ) s ) as in (jSJ). Let W denote the weight space of continuous homomorphisms from 
Z* to C*, with fceZ embedded as x >->■ x k . 

Theorem 2. Let c be an integral ideal of F relatively prime to fp with prime norm i. There 
exists a unique Z p -valued analytic function Cf,c,p(o, s) of the variable s e W such that 



for all nonnegative integers k. 

Our construction of the p-adic zeta functions of totally real fields allows us to embark 
on a new study of the behavior of the leading terms of these functions at s — 0. In order 
to state our main result, it is convenient to work with the p-adic L- functions associated to 
characters rather than the p-adic zeta functions associated to ideal classes. To this end, 
let x '■ Gal(F/F) — > Q be a totally odd finite order character with conductor f. We fix 

^See Remark 13.21 for a discussion of the condition that c has prime norm. Also, we note that Theorem [T] 
has the corollary that the "twice smoothed" zeta function 



assumes integer values at nonpositive integers s when (Nb,Nc) = 1. Gross has recently provided an inter- 
pretation of these integers in terms of dimensions of certain spaces of automorphic forms |G2j . 




(2) 



Cf,c, P (a, -k) = CftcO, ~ k ) 



Cf,cb(o,s) = Cf,b(ac,s) -Nc 1 s Q,b{a, s) 
= Cf )C (ab,s)-Nb 1 - 5 Cf, c (a,s) 
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embeddings Q C and Q c — >■ Q p , so that x can be viewed as taking values in C or Q p . 
Lei _ _ 

w : Gal(L/L) — > n p _ x C Q* 

denote the Teichmiiller character. There is a p-adic L-function L C)P (xu;, s) : Z p — >-C* associ- 
ated to the totally even character %u;, given by 

aeG f 

where (zc) = x/u(x) for a; G Z* The function L CjP (xo;, s) satisfies the interpolation property 

L CtP ( X u,-k) = L* c ( X uj-\-k) 

■.= L*{ X u-\-k){l- X uJ- k mt l+k ) 

for integers k > 0, where L*(x, s) denotes the classical L-function with Euler factors at the 
primes dividing p removed. 

Let r x denote the number of primes p of F above p such that x{p) — 1- It is well-known 
that 

ord s=0 L*(x, s) = ord s=0 L*(x, s) = r x 
(see [TJ 2.6]). In [GJ, Gross proposed the following: 

Conjecture 1 (Gross). We have 

ord s=0 L CtP (xuJ, s) = r x . 

Combining our cohomological construction of the p-adic L-function with Spiess's formal- 
ism (see §5), we prove the following partial result towards Gross's conjecture: 

Theorem 3. We have 

ord s=0 L CiP (xw, s) > r x . 

The result of Theorem [3] was already known from Wiles' proof of the Iwasawa Main 
Conjecture under the auxiliary assumption 

Loo n H = F, 

where H denotes the fixed field of x an d F^ denotes the cyclotomic Z p -extension of F. 
This assumption (namely, that x h as "type S" in Greenberg's terminology) was removed by 
Snaith in [Sn, Theorem 6.2.5] using Brauer induction (see also [BG, pp. 165-166] for further 
discussion) . 

Our method contrasts with that of Wiles in that it is purely analytic; we calculate the 
first r x — 1 derivatives of L C)P (xuj, s) at s = directly and show that they vanish. Spiess 
proved Theorem [3] as well using his formalism |Sp2] . His cohomology classes are defined 

■As usual, replace (J> p -i by {±1} when p = 2. 
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using Shintani's method. In |CDG] we provide a direct comparison between the cocycles 
defined using the methods of Sczech and Shintani. 

We conclude the introduction by recalling Sczech's method, which is central to this article, 
and describing our integral refinement. Let V = Q[Xl, • • • ,X n ]. We denote by Q a certain 
space of tuples of linear forms on R™, defined precisely in Section ITTTl The spaces V and Q 
are endowed with a left action of V = GL n (Q) given by (AP)(X) = P(XA). Let Mq denote 
the Q-vector space of functions 

<p : V x Q x (Q/Z) n — )• Q 
that are Q-linear in the first variable and satisfy the distribution relation 

<P(P,Q,v) = sgn(A)" Yl <j>(* desP P^~ l Q,™) (3) 

we(Q/z]« 

Xw — v 

for all nonzero integers A, when P G V is homogeneous. 

We view the elements of (Q/Z) n as column vectors and define a left T-action on Mq 
as follows. Given 7 G T, choose a nonzero scalar multiple A = A7 with A G Z such that 
A G M n (Z). For / G M Q , define 

( 7 /)(P,g^) = sgn(det(A)) ^ /(^P.^O.A-^r + t;)). (4) 

reZ n / J 4Z n 

The distribution relation ()3]) implies that (jlj) does not depend on the auxiliary choice of A. 
Sczech defined a homogeneous cocycle 

* G Z^r, M Q ) C C^^r, M Q ) = Hom r (Z[r n ], M Q ) 

called the Eisenstein cocycle, representing a class 

[*] G F^^Mq). 

We recall this definition precisely in Section [TJ The values at nonpositive integers of the zeta 
functions of all totally real fields F of degree n can be obtained from certain specializations 
of [\&] as follows. 

Fix a conductor f and an integral ideal a as above. Associated to F, f, a, and a nonnegative 
integer k, we define a certain homology class 

[3«, f ,ft] eiZn-i(r,M$, 

where Mq denotes the Q-linear dual of Mq. Fix a Z-basis {wi, . . . ,w n } for o _1 f. Let 
P G Z [Xi , . . . , X„] denote the homogeneous polynomial of degree n given up to scalar by 
the norm: 

P(X U . . . , X n ) = N(a)N(«)A + • • • + «;„X n ). (5) 
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Let Q = (Qi, . . . , Q n ) be the n-tuple of linear forms given by 

Q, = T i {w* l )X 1 + ■■■ + Ti{w* n )X n , (6) 

where . . . , w*} denotes the dual basis with respect to the trace form on F, and the Tj 
for i = 1, . . . ,n denote the embeddings F <^-> R. Let 

w = (■&(«;!),...,'&«)). (7) 

Denote by = /^q^ the element of Mq defined by evaluation at (P k ,Q,v): 

/ fc (0):=0(P fe ,Q,*;). 

Finally, we define elements A 1 ,...,A„_ 1 G T by considering the action of a basis of 
totally positive units of F congruent to 1 modulo f via multiplication on a _1 f, in terms of 
the basis {wi} for o _1 f. Homogenizing and symmetrizing the tuple (Ax, ■ ■ ■ , Ai-i) yields a 
certain homogeneous (n — l)-chain A G Z[T n ] (see (l56i) for the precise formula). 

We then define 

3a,f,fe = 4 ® / fe G C^T, Mq) = Z[r n ] ® r Mq. 

Using the definition of A in (156|) . it follows from the fact that the Aj commute and that 
is invariant under the Aj that 3o,f,fe is m f ac t an ~ l)-cycle. The homology class that it 
represents depends only on f, a, and k, and not on any other choices made. 
The cap product yields a canonical pairing 

( v ) : H^\T,M q ) x H n ^i(T, Mq) — > Q 

given by ([^], [A <S> /]) = and extended by linearity. Sczech proved the formula 

Q(a,-k) = (m,[X hk ])eQ (8) 

for integers k > 0, thereby completing his proof of the Siegel-Klingen rationality theorem. 

In this paper, we fix a prime £ and consider the congruence subgroup 1^ C T fl GL n (Z^) 
consisting of matrices whose first column has all elements but the first divisible by I. We 
define a cocycle G Z n (Tg, Mq) derived from Sczech's \I/ by smoothing at the prime I 
(see (|24"1) for a precise formula). We also define a cocycle refining from which can 
be recovered by projecting on to the subspace invariant under the action of multiplication 
by —1 on Q. Our key result is the following. 

Theorem 4. The cocycle takes values in the Z[j][Ti]-submodule Mi C Mq consisting of 
distributions such that 4>(P, Q, v) G — Z[4] u>/ien P G Z[|] [Xi, . . . , X n ] is homogeneous and 
has the property 

p^ + fze^czg], (9) 

and Q & Q is an m-tuple of linear forms. The cocycle ^ takes values in |Mg. 
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In particular, taking P = 1, we find that ^t{A, 1, Q, v) G -^Z[l/£] for all A, Q, and v. 
This integrality property of our cocycle ^e lies in sharp contrast to Sczech's which assumes 
fractional values with p-adically unbounded denominator for each p as v varies (with P = 1 
and fixed A, Q). 

Now let F be as above, and let c be a prime ideal of F with norm i. Using Sczech's 
formula (jHJ), we prove that certain specializations of the class yield the smoothed partial 
zeta functions of F at nonpositive integers: 

Cf,e(0,-fc) = (M,[3^Ml> (10) 

where [3o,f,fc,i] £ H n _i{Y^M^) is defined similarly to 3 a ,f,fc) but slightly modified to account 
for the ^-smoothing (see fl50|) -f l56|) in Section [3] for the precise definition). Here M/ denotes 
the Z[|]-dual of Me. Since H n ~ 1 (Te, MA and H n _i(T^, M £ v ) pair to Z[|], we arrive at our 
proof of Theorem [T]UJ 

We prove Theorem [2] by interpreting the cocycle ^e in terms of p-adic measures and 
thereby defining a certain measure-valued cocycle fie. Using the cohomology class [fie] and 
applying equation ({TO]) , we construct the p-adic zeta functions Cf,c,p(0; s ) with the desired 
interpolation property. Theorem [3] is proven by using our cohomological construction of 
the p-adic L-function to recognize the values L[ k p \xuj,0) for nonnegative integers k as the 
pairing of [fie] with certain homology classes denoted [£&], and applying results of Spiess 
(Theorems 15.11 and 15. 2j) that implies that these homology classes vanish for k < r x . 

The fact that the p-adic zeta functions of all totally real fields of degree n that contain a 
prime of norm i arise as the specializations of a single cohomology class [\E^] is striking. It 
seems promising to study these p-adic zeta functions by taking certain other specializations 
of the same class. As an example of this phenomenon, we hope to study Gross's conjectural 
formula for the leading term L^p\xuj, 0) in future work, building on our prior investigations 
([DD], |Dasj ). Also in future work ( |CDGj ). we will demonstrate how to provide an alternate 
construction of the Eisenstein class [\E^] using Shintani's method, following prior works by 
Solomon, Hill, Colmez, and the second author. 

This paper is organized as follows. In Section [H we give the precise definition of Sczech's 
cocycle \l/ and recall the formula for \l/ in terms of Dedekind sums derived in [GSJ. In 
Section [2] we define our smoothed cocycle tyf and its refinement ^> e- We prove Theorem HI 
the key integrality result concerning ^e and the technical heart of the paper. In Section [3] we 
combine Theorem H] with a suitable generalization of Sczech's formula © to prove Theorem [TJ 
In Section HJ we interpret our construction in terms of p-adic measures, and thereby prove 
Theorem |2j We conclude in Section [5] by proving Theorem |3] using Spiess' results. 

1 In fact, since the cocycle Vt^" defined from Sczech's method takes values in and since the Q defined 

in © and used by Sczech is an n-tuple, the results of this paper prove that the value Cf,c( a > s ) lies m ^r^[l/^] 
for nonpositive integers s. The factor l/(2n) can be eliminated by considering the refined cocycle and 
proving that one need only consider an individual linear form Qi rather than the entire tuple Q. These 
aspects are studied in [CDGj ; see Remark 12.61 and Section [3] below for further details. 



7 



1 The Eisenstein cocycle 

The goal of this section is to recall the definition of Sczech's cocycle \I/ and some of its salient 
properties. 

1.1 Sczech's Eisenstein cocycle for GL n (Q) 



We begin by recalling Sczech's Eisenstein cocycle for T = GL n (Q). See [Scj, [GSl Section 
6], or |CGS] Section 2 for a more detailed exposition. 

Let A = (Ai, . . . ,A n ) G T n be an n-tuple of matrices. Fix x G R n — {0}. For each 
matrix Ai, let cr, denote the first (i.e. leftmost) column of Ai such that (x, (7j) ^ 0. Denote 
by o = (<Jij) the square matrix with columns a^, for 1 < % < n, and define 

M*) - det(<r) 



(x,ai) ■ ■ ■ (x,<r n )' 



More generally, for any homogeneous polynomial P{X\, . . . , X n ), we consider the partial 
differential operator P(—d xl , . . . , — d Xn ) and define the function 

i/>a(P,x) = P(~d xi , . . . , -d Xn )ip A {x) 

n 

where r = (r 1; . . . ,r n ) runs over all partitions of deg(P) into nonnegative integers Tj, and 
P r (cr) is the homogeneous polynomial in the satisfying the relation 

X ri . . . X Tn 

P{Xo*)=Y,Pr{°) * ? ■ (12) 

The Eisenstein cocycle is essentially given by summing the value of iPa{P, x) over all 
x G Z n - {0}: 

u ^(A,P,v) = (2my n - dc ^ Yl e((x,v))MP^)- n (13) 

xGZ™-{0} 

The sum in (fT51) converges only conditionally, so to make sense of it one uses Sczech's Q- 
summation trick. To this end we fix a family of m linear forms Qi, . . . ,Q m on R n such 
that each form Qi is nonvanishing on Q™ — {0}. Let Q denote the set of such m-tuples 
Q = {Qi} ■ ■ ■ ) Qm) of linear forms. We view each Qi as a row vector, and for any row vector 
x G R n we adopt the notation 

n m 

Qi{x) = Qrf = Qn x v Q( x ) = II ( 14 ) 

j=l i=l 
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We can identify Q with an m x n matrix with real rows Qi. The set Q is endowed with a 
left action of T described in terms of matrices by AQ -H- (Q^A*. The action with respect 
to the corresponding functions on row vectors is given by AQ(x) = Q(xA). 

Given Q G Q, and a sequence a(x) indexed by a subset L of a lattice in R™, the Q- 
summation of a(x) over L is defined by 



a(x)\ Q = lim \^ a(x), (15) 



* — ' ' " ~" t-voo 

IO(a)l<* 



under the assumption that the sum of a(x) over the x G L such that |Q(x)| < t converges 
absolutely for all t, and that the limit in (Tl5|) exists. Sczech proved that the Q-summation 

*(A,P,Q,v) = (2m)- n - dcg ( p ) ^ e((x,t;))^(P,x)| Q (16) 

xgZ"-{0} 

exists. 

Let us recall some notation from the Introduction. Define the Q[r]-module Mq to be 
the space of functions 

: V x Q x Q n /Z n — > Q 
that are Q-linear in the first variable and satisfy the distribution relation 

0(P, Q,v) = sgn(A)" ]T ^A^P.A^Q,*;) 



U6(Q/Z)« 



for all nonzero integers A, when P G V is homogeneous. The T-action on Mq is given in 
equation (j3J). Sczech proved: 

Theorem 1.1. TTie map A i— >• ty(A, -, -, ■) defines a M^-valued homogenous (n — l)-cocycle 
on T. Moreover, it represents a non-trivial cohomology class in P n_1 (r,Mq). 

This is [Scl Theorem 4], restricted to u = 0. 



1.2 Decomposition 

For future calculations, it is convenient to decompose the sum in (flBT) according to the 
various matrices a that may occur. To this end, for each d = . . . , d n ) G Z n such that 
1 < di < n, let cr(d) denote the nxn matrix whose ith column is the d^th column of A^. Let 
X(d) C R n — {0} denote the set of x whose associated matrix a is equal to cr(d), i.e. such 
that the first column of A± not orthogonal to x is the djth, for each i — 1, . . . , n. 

Write l = (1, 1, . . . , 1), and for an n-tuple e = (ei, . . . , e n ), write e = Ym=i e «- Gathering 
the terms together according to the finite partition {X(d)}d of R n — {0}, we obtain 

9(A, P, Q, v) = (-l) n sgn(det(<r(d)) ^ JMp+p^d) n Z», <r(d), i + r, Q, «), (17) 
where 

D+ (L,,,e,Q,,)=™^Mv 



(27ri)^ ^ (x,(7 1 ) e i---(a;,(7 n ) f 



IQ- 



We have introduced the factor (— l) n | det(<r)|e! in f fl8|) to simplify future calculations. 
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1.3 Bernoulli distributions 



The sums in (Jl8j) are Dedekind sums that can be evaluated in terms of Bernoulli distributions, 
whose definition we now recall. For each integer k > 0, the Bernoulli polynomial bk(x) is 
defined by the generating function 

te xt ^ t k 

fc=0 



For k ^ 1, we define the periodic Bernoulli function Bk(x) = bk({x}), where {x} G [0,1) 
denotes the fractional part of x. For k — 1, we reconcile the discrepancy between &i(0) and 
£»i (1) by defining 

= {x} - 1/2 xG'Z 

o iez. 



Given an n-tuple of positive integers e = (ei, . . . , e n ) and an element x G R n , define 



B e (ar) = Y[B e .{ Xj ). 

3=1 

Writing e = J2 e ji the function B e provides a Q-valued distribution on (Q/Z) n of weight 
e — n, in the sense that for each integer N, we have 



B.(«) = £ B e (£±») . 



(19) 



ye(Z/NZ) n 



To relate the distributions B e to Sczech's cocycle they must be altered by a defect 
arising from the Q-limit summation process discussed in Section 11.11 

Definition 1.2. Let e = (ei, . . . , e n ) be a vector of positive integers, and v G (Q/Z) n . Let 

J = {1 < j < n | ej = 1 and u,- G Z}. (20) 



Define 



m ^— ' \ - LJ - 2 

i=i V?eJ / i^j 



(In particular, if J is empty, then B e (t> , Q) = B e (t>) does not depend on Q.) Define 

vt + f n\ 1 faf r>\,-a( n\\ j B e(v,Q) if #J is even, 
B e (v,Q) = -(B e (v,Q) + B e {v,-Q)) = < . 

^ I otherwise. 

The functions B e ( . , Q) and B+( . , Q) are distributions on (Q/Z) n of weight e — n. 
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Proposition 1.3 ([GSJ, Proposition 2.7). Lete be ann-tuple of nonnegative integers, Q G Q, 
v G (Q/Z) n ; and a G M n (Z). Lei 



L = {x G Z" : (x, (Ti)^0forl<i< n}. 

We have 

D + (L, a, e, Q,v) = ^ B+^fa; + u), tx^Q), 

xGZ"/aZ n 

where the right side is understood to have the value when det(tx) = 0. 



(21) 
(22) 



Proposition II .31 gives the value of the Dedekind sum appearing in ( fTTl) for d — i: this will 
be sufficient for our applications. Whenever L is given in terms of a as in ([21]) . we drop it 
from our notation and write simply D + (o~, e, v , Q). 



2 The smoothed cocycle 

Let £ be a prime number, and let = Z[l/p,p 7^ £] denote the localization of Z at the 
prime ideal (£). Our aim in this section is to smooth the cocycle \l/ at the prime £, yielding 
a cocycle ^ defined on the congruence subgroup 



T e := r Q (£Zr e) ) = {Ae GL n (Z w ) : A = 



/ * * * \ 

* * 



* * 



mod £}. 



J 



We will then prove Theorem HI an integrality result for the smoothed cocycle and a 
refinement \&/. 



2.1 Definition of the smoothed cocycle 

Consider the diagonal matrix whose first entry is £ and other diagonal entries are equal to 1: 

( t \ 



7T£ 



V 



/ 



For A = {A x ,..., G I?, let 

A' = nAirJ 1 = {-kiAx-kJ 1 , TT £ A n TT^) g GL n (Z (£) ) n . 

Fix a polynomial P G P and define P' = ^ 1 P- It is a straightforward computation to 
check that the coefficients of P and P' defined in (fl2|) satisfy 



P! r {(T , {d)) = P r (a(d)) ■ r s(r ' d) where S(r, d) = r i 

i: di=l 



(23) 
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Here as in Section ll.2[ d = (d±, . . . , d n ) is a tuple of integers with 1 < di < n, and a(d) 
denotes the square matrix whose ith column is the c^th column of Ai. The matrix a'(d) 
denotes the similarly constructed matrix with Ai replaced by A\. 

Next fix Q G Q as in flUD, and let Q' = n e Q. For v G (Q/Z) n , let v' = n e v. We define 

*+(A, P, Q, v) = *(A', P', Q', v') - M(A, P, Q, v). (24) 

The following is a straightforward computation using the fact that \l/ is a T-cocycle. 

Proposition 2.1. The function is a homogeneous (n — l)-cocycle on valued in Mq: 

ez n ~\r £ ,M Q ). 



2.2 A Dedekind sum formula 

In this section we prove that in the analogue of the Dedekind sum formula (TTTj) for all 
terms other than those arising from d = l cancel. 

In what follows, all objects associated to A' instead of A will be denoted with a "prime", 
such as X'(d) = X(A',d). 

Lemma 2.2. For d ^ l, the map 

■ki : (xi, x 2 , ■ ■ ■ , x n ) ^ (£x 1 ,x 2 , ...,x n ) 
induces a bijection between X'(d) fl Z n and X(d) fl Z™. 

Proof. Denoting the jth column of the matrix Ai by Aij, note that for x G R", we have 
(x,A^j) = <^ (ii£X,Aij) = 0. In particular, Hi gives a bijection between X'(d) and X(d), 
and hence induces an injection from X'(d) fl Z" to X(d) fl Z™. 

To show that map is surjective, we make use of the assumption d ^ l to obtain an index 
i, say i = 1, for which di > 1. For any given z G X(d) fl Z n , the condition (2, ^n) = 
ensures that its coordinates satisfy 



anzi + . . . + a nl z n = 0. 



This equation implies auZi = (mod €) since A\ G T^. Moreover, an is coprime to I since 
det(y4i) G ZjL. We conclude that I divides Zi, hence z is of the form n^x for some x G Z" as 
desired. □ 

Next we use Lemma [2721 to compare ip^ 1 and ^4 on the sets X'(d) D Z n and X(d) fl Z n , 
respectively. A direct computation shows that for x G X'(d), one has 

U „>(j\\ j{mx,Vi{d)) ifdi>l, 

{x,a i {d)} = < (25) 
'(Tr^^^d)) if di = 1. 

On the other hand, 

det(a'(d)) = d ' =1} det(«r(d)). (26) 
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Equations (j2SJ) and ([26]) yield 

det{a'(d)) _ ^+nr,d) det(a(d)) 



(27) 



for x G X'(d), where E(r, d) is denned as in (T231 . Multiplying (T27]) by ( 123]) and recalling the 
definition of r/> given in fTTTl) . we obtain 

il> A ,(p',x)=eii> A (p,nx)- 

Multiplying by 

e((a;,7r^}) = e((ir e x,v)) 

and taking the Q'-summation over all x G X'(d) fl Z n , Lemma 12.21 implies that in the 
evaluation of 

*+(A, P, Q, v) = V(A', P', Q', ir e v) - M(A, P, Q, v), 

the terms in HTTj) for d ^ l cancel. 

We have therefore proven the following explicit formula for Given A G T™, the matrix 
<7 = er(i) has all rows but the first divisible by I (and all entries in the first row relatively 
prime to £). Therefore, the matrix og = -n^r x a has entries in Z(«. Define the ^-smoothed 
Dedekind sum: 

D+(<7, e, Q, v) = B + (a e , e, vr £ Q, ir e v) - e~ n+ ^B + (a, e, Q, v). 

= Yl Btia^ix' + Tc^^-'Q) 

x'ez n /a e z n (28) 

_ e -n + ,J2 B + e {a-\x + v)^- l Q). 

x£Z n /aZ n 

Proposition 2.3. We have 

P, Q, «) = (-l)"sgn(det a) J2 (^^ul B t(^ i + r,v,Q). 

2.3 A refined cocycle 

Define as in (|28|) with B + replaced with B. Define as in Proposition 12.31 with 
replaced by D^: 

* t (A, P, Q, v) := (-l)"sgn(det a) V ^ - D,(<t, i + r,Q,v). (29) 

Then is recovered from by projection onto the +1 eigenspace of the action of multi- 
plication by —1 on Q: 

*t(A, P, Q, v) = \(MA P Q, v) + MA P -Q, v)). 

In |CDGj . we show that the result of Proposition 12.11 holds still for tyf 
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Proposition 2.4. The function is a homogeneous (n — l)-cocycle on Ti valued in Mq: 

Remark 2.5. The r^-invariance of (i.e. that is a homogeneous cochain) is easy to 
check directly from the definition. However, the alternating property of (i.e. that \1/ # is 
a cocycle) is mysterious using our explicit definition. In jCDGj. we show that for P = 1, 
the function is equal to a cocycle defined using Shintani's method; the case for general P 
then follows from Theorem 14.21 below. 

2.4 Decomposition of the Dedekind Sum 

Consider the following Z[|][r]-submodule of Mq: 



M e = {<P G M Q : <P(P, Q, v) G ±7% when P G Z[±][X 1? . . . , X n 
is homogeneous and P(v + {jL © Z" -1 )) C Z[|]}. 



(30) 



In fl30l) . the constant m denotes the number of linear forms defining the element Q G Q, as 
in Section 11.11 In the remainder of this section, we prove Theorem HI which states that the 
smoothed cocycle takes values in Mi. 

Remark 2.6. The cocycle ^> i was introduced in Section [2731 because it takes values in M^. 
The smoothed Sczech takes values in \M^. Furthermore, we prove in [CDGj that the 
cocycle may be paired with an appropriate cycle involving Q G Q with m = 1 to yield 
the special values of zeta functions, thereby leading to a proof of Theorem [1] (see Section [3]). 
Sczech's formulas relating \l/ to zeta values involves a Q with m — n — [F : Q]. This leads to 
a slightly weaker version of Theorem (TJ where the zeta values are shown to lie in ^Z[l/i\. 

In view of the definition (J29l) . our first step in proving the integrality of is to decompose 
T)g(a,e,v, Q) into a sum of terms that individually share an analogous integrality property. 
To this end, fix a linear map L G Hom(Z n , F^), and assume that its values on the standard 
basis of Z n are all nonzero. For a tuple e = (ei, . . . , e n ) of positive integers, x G R n , and 
zGF ( define 

Bi*{x, Q) = B e (x, Q) - B e (*±*, q) , (31) 

where the summation runs over all y G F £ n such that L(y) = z. Note that B^ z depends on 
x mod £Z n rather than mod Z n , since the summation over y is restricted. It satisfies the 
following distribution relation for integers N relatively prime to £: 

B^(x,Q) = m- B H^T' g )- (32) 

ke(£Z/£NZ) n ^ ' 

As in the previous section, consider A G T™ and o = cr(i) the square matrix consisting of 
the first columns of the matrices in the tuple A. Recall o~e = 7rg£~ l a. For y G Z n /£Z n , define 
L(y) = (R,y) (mod £), where R denotes the first row of a. Our desired decomposition is: 
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Lemma 2.7. Let {x = ( )}cZ™ denote a set of representatives for Z"/oyZ n . We 

have 

T> t (a,e,v,Q) = ^ B^- Xl (a^(x + ir e v), a~ l Q). (33) 

X 

Remark 2.8. One easily checks that the summand in ( l33j) is independent of the choice of 
representative ieZ™ for each class in TI l jo{L n . 

Proof. The map (x, y) ^ z = ixj x x + £~ 1 ay induces a bijection between 77 1 jotL n x Z"/£Z n 
and 7r^ 1 Z n /aZ n . Furthermore, under this bijection 

L(y) = -x x (mod f)^zG Z n . 

The result follows immediately from the definitions (|28|) and (I3"T|) . □ 

From f )29|) and Lemma [2 .7[ we obtain: 
Proposition 2.9. VKe nave 

r ^ xeZ n /a e Z n 

where the ± sign is given by (— l) ra sgn(det a). 

In the next two subsections, we show that the individual terms in (|33l) are integral when 
e = l, thereby proving the integrality property for when P — 1. The integrality of in 
general will follow by bootstrapping from this base case. 

2.5 A cyclotomic Dedekind sum 

The following "cyclotomic Dedekind sum" attached to a real number x will play an important 
role in our computations: 




for any i£R and r G . 

Lemma 2.10. The value of the cyclotomic Dedekind sum is given by 

^Hgrr + t e (-T)- < 35 > 

where S x = 1 if x 6 Z and zs otherwise. 
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Proof. Translating m by the integer [x] gives m' = m + [x] , which runs over the same set of 
classes mod £. This yields 

B?»(x,r)= ^ e( r{m> - [x]) } Bl ( m ' + e {x} 

m'modf 7 

where < {x} < 1 is the fractional part of x. Choosing representatives m' between and 
£ — 1 gives 

/ ml + {x}\ ml + {x} 1 
Bl \-^) = — 2 

unless •ml = {x} = 0, in which case the —1/2 term does not occur. Therefore 

e-i 

m' l rm' \ 

p I 4- 



(36) 



m'=0 



since the terms coming from {x} and | each vanish in the sum over ml . The value of the 
sum in fl36l) can be obtained by evaluating at z — r the derivative of 



-E 

9-7T7 I 



\ ( m'z\ 1 e(z) — 1 



e 



2m ^ \ £ J 2vri e(z/£) - 1 ' 

m'=0 V 7 V ' ' 

The lemma follows. □ 



2.6 The case e = l 

The goal of this section is to bound the denominators of the individual terms in (1331) when 
e = l. 

Proposition 2.11. Let x G Q n . The quantity Bf' z (x,Q) lies in —Z[l/£], and lies in — Z if 
£>n + l. 

Proof. This proof follows the argument of [Past §6.1]. We begin by relaxing the restricted 
summation. Since the map 

fc=0 v 7 

is the characteristic function of the kernel of L, we obtain 

!*■(,, Q) = -P- E E «> (^^^) B« (£+», Q ) . (37) 
fe=i ?/eF £ n ^ / V / 

Note that the term k = cancels the leading term of Bg ' z using the distribution relation for 
B e . 
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Let a,j be the value of the linear form L on the j-ih term of the standard basis of Z n . We 
specialize to e = 1 and consider the case where no component of x is an integer (so there is 
no dependence on Q). The sum (1371) then decomposes as 

-xH-T)£-£rW^H^ 

fc=l v 7 yi=i y n =ij=i \ / \ 
Since each a, is non-zero by assumption, we can repeatedly use Lemma 12.101 to obtain 

fc=i \i=i e l f i x 

= " Tr Q(0)/Q (^(e^)-!) J ■ ( 38 ) 

For any primitive £-th root of unity £e, the element Q — 1 is supported at £ and has £-adic 
valuation 1/(^ — 1). Therefore, the expression (138)) lies in Z[|] and has denominator at most 
£t3t xhe lemma is proven in the case where no component Xj is integral. 

For the general case, let Jo = {j : G Z}. An argument as above yields the following 
value for Bf ,2 (a;, Q): 



1 m ( c ( ~ 2 ~ L([:rl) ) e(^) + 1 

Z2 22 Tr Q^)/Q rr " (ef^) - 1) II e( L _ i II si § n ^ 



(39) 



As in ( 1381) . the sum in (1391) lies in Z[l/£] and in fact lies in Z if £ > n + 1. It only remains 
to eliminate the factor l/2# Jo . When summed over all J C Jo, the argument of the trace in 
( 1391) is equal to a constant depending on J (but not J) times 

e f n n ««) = n (3^ + s « n ««) < 4o > 



(41) 



where a.^ = e(aj/£) or = 1 in the cases signQjj = 1 or signQ^ = —1, respectively. The 
factor 2 #Jo in (STJ) cancels that in ([39]). □ 

2.7 Proof of Theorem H 

We are now ready to complete the proof of Theorem H] from the introduction, which states 
that the rational number ^g(A, P, Q, v) lies in Z[l/£] when Q is satisfied. We do this by 
showing that it lies in Z p for each prime p ^ £. 
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Proposition 2.12. Let x G Q n and let p ^ £ be a prime number. Let r be an n-tuple of 
nonnegative integers. There exists an integer e depending only on r, £ and the denominator 
of x, such that for all positive integers M we have the following congruence between rational 
numbers: 

p M m(r + i^Bjft QjL <2) = Bt z Nx r mod p M ~*Z p . (42) 

Remark 2.13. Here Naf is shorthand for YYj=i x 7' ^ ^ happens that both rj and Xj are 
zero, the corresponding term x? is understood to equal 1. 

Before proving Proposition 12.121 we show how it enables the proof of Theorem HI 

Proof of Theorem [7} We recall Proposition 12.91 

9 t {A, P,Q,v) = ±J2 7i^ N ( r + E B ^+r X1 ( (T e 1 ( x + **0, ^Q)- (43) 

r ' x£Z n /a e Z n 

For each x in the sum above we let y = o^ x {x + 7iyu) and note that ?/ has the property 

Jo-Cs/) e^ + fzez"- 1 . (44) 

Fix a prime p ^ £. For each y we let e be as in Proposition 12.121 and fix a positive integer 
M > e. Applying the distribution relation ( 1521 we replace the term B^ xi (y, cr _1 Q) in ()45j) 
with 

/' r E Bisfe^-'a), («) 

k£(£Z/£p M Z) n ^ ' 

where z = — p~ M x\ (mod £). By Proposition 12. 121 and the choice of M, the quantity in (j45|) 
multiplied by N(r + 1) _1 is congruent modulo Z p to 



fce(^z/£p M z) 

Plugging this expression into (|43p . we note that each coefficient p , lies in Z p , and hence 
^(-A, P, Q, i>) is congruent modulo Z p to 

±E E B-(^,W)E^M^y. (46) 

a ke(£Z/£p M Z) n 



p" 1 j * — ' r\ 



By the definition (1T2|) . the sum over r in ( l4"6j) is equal to P{c(y + k)/£), which by (|44|) and 
the given property 

P(^ + (iZ©Z«- 1 ))cZ[i] 

lies in ZM. Therefore, by Proposition I2.11[ each term in (j4*6|) lies in Z p , and the theorem is 
proven. □ 
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Proof of Proposition \2.12 . As in the classical Kubota-Leopoldt construction of p-adic L- 
functions over Q, the proof relies on the fact that the Bernoulli polynomial bk(x) begins 



h(x) =x k - ^x k ~ l + ■■■ . (47) 
We recall equation fl37j) for B^: 

B&0n,Q) = "^EE e ( my) f ~ z) ) B 1+r ( X -^,0) • (48) 



k=l yeF/ 



At the expense of altering z, we may translate x by an element of p M Z n and assume that 
x/p M belongs to [0, 1)™. Furthermore, for each class in F™ we choose the representative 
y G Z n with <yj<£- 1. Let J = {j \ Xj = and r,- = 0}. For j £ J„, g7]) yields 

P ^B l+ri (£±*t) s p- (a)-' + (1 + rj) (ay (| _ I) mod P «-z P , 

where depends only on rj, I and the power of p in the denominator of Xj. Let aj G F^ 
denote the value of L on the j'th standard basis vector of Z n , and multiply the previous 
congruence by e(^y^-). Summing over all < yj < £ — 1, the leading term of the right side 
vanishes and we obtain 



Mr 



Take the product of these congruences over all j £ Jo and multiply by 

_/ kz\ m f • /n 



(49) 



E E 



i=l \jeJo 

In view of fj48|) . summing over k = 1, ...,£ — 1 gives the desired result (after dividing by 
N(i + r) and increasing e accordingly). □ 



3 Integrality of smoothed zeta functions 

Let F be a totally real field of degree n. In this section we combine the Z[l/£]-integrality 
property of proved in Theorem H] with a suitable generalization of Sczech's formula (jSJ) 
to prove Theorem recalled below. Let a and f be coprime integral ideals of F. Let c be 
an integral ideal of F with norm £ such that (c, f) = 1. 
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Theorem 1. The smoothed zeta function 

C f>e (o, s) = C f (ac, s) - Nc 1_a Cf(a, s) 
assumes values in Z[l/£] at nonpositive integers s. 

Proof. Fix a basis {wi, . . . , w n } for a _1 f such that {7W1, u>2, • • • , w n } is a basis for a -1 c -1 f. 
Let {ei, . . . , e„_i} denote a basis of the group of totally positive units of F congruent to 1 
modulo f. Let A±, . . . , A n _i be the matrices representing multiplication by the on a _1 f in 
terms of the basis w = (wi, . . . , w n ), i.e. such that 

wei = wAi i = 1, . . . , n. 

The matrices A{ lie in Te, since left multiplication by these matrices preserves the lattice of 
column vectors |Z © Z n_1 = a _1 c _1 f (where the isomorphism is given by dot product with 
w). 

Let P G Z[|][Xi, . . . , X n ] denote the homogeneous polynomial of degree n given up to a 
scalar by the norm: 

P(X 1 , ...,X n ) = N(ac)N(u; 1 X 1 + ■ • • + w n X n ). (50) 

Let Q = (Qi, . . . , Q n ) be the n-tuple of linear forms given by 

= Ti{w\)X x + ■■■ + r,«)X n , (51) 

where {w[*, . . . , w *} is the dual basis with respect to the trace form on F (i.e. Tr(wiiu*) = Sy), 
and the denote the embeddings F ^ R. Define the column vector 

W = (TrK),.-.,Tr«)), (52) 

so that 

1 = V!Wl + V 2 W 2 H h f„Wn- 

Dot product with (wi, . . . , w n ) provides a bijection 

w + iZeZ™- 1 <-> l + cr^f, (53) 
so P and t> satisfy the key property 

P(w + iZ © Z"- 1 ) C Z[|] (54) 

of Theorem HI 

The matrices {A{\ give rise to a homogeneous (n — l)-chain in the standard way, which 
we write using the bar notation: 

[A x | ... | A„_x] = (1, A u A l A 2 , • • • , A X A 2 ■ ■ ■ e r™. 
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We symmetrize this chain by defining 

A(Ai, . . . , A„_i) := sgn(7r)[A 7r( i) | • • • | A^ n -i)\ e Z[r™]. (55) 

7reS n _i 

Let 

A = p.^(A 1 ,...,A 1 -i)- (56) 
Here p = ±1 is a sign defined as follows: let r 1; . . . , r n denote the real embeddings of F, and 
consider the square matrices 

W = (n(^))^ =1 and i2 = (togr i (e i ))^i 1 . 

Then p = (-l) n_1 sign(det W) sign(det R). 

For integers k > 0, Sczech's formula ([Sc2, Corollary p. 595]) reads 

Q(a,-k) = e- k ^(A 1 P k ,Q,v), (57) 

where the £-power term arises from the extra factor of Nc = I in the definition of P. Applying 
this formula again with a replaced by oc gives 

( f (ac,-k) = *(A',(P') k ,Q',v'), (58) 

where 

A' = TViAn^ 1 , P' = n^P, Q' = TCeQ, and v' = ixgv 

as in Section [21 

Combining f lBTl) and fl58|) . we find 

C f ,c(a,-fc) = ( f (ac,-k)-l l+k aa,-k). 

= V(A',(P') k ,Q',v')-M(A,P k ,Q,v) 

= ^l(A,P k ,Q,v). (59) 

The result Cf,c( a ) — k) G ^-Z[l/£] now follows from Theorem HJ 

The denominator 2n may be removed by invoking the following result proven in [CDGJ, 
which states that (I59p still holds with replaced by and with Q replaced by any one 
of the n individual linear forms defining it: 

Theorem 3.1. Let the notation be as above, and let Q(X\, . . . ,X n ) = Y^i=i T ( w i)Xi for a 
real embedding r : F ■=->■ R. Then 

( fs (a,-k) = y £ (A,P k ,Q,v). 

Now Cf, c (o, -k) G Z[l/£] follows from Theorem H □ 

Remark 3.2. Note that 

Cf,bc(a, s) = Cf lC (ab, s) + Nc 1_s Cf,b(a, s), 

so we obtain more generally that Cf,c(d? ~k) G Z[l/Nc] for nonnegative integers k when c is a 
product of ideals with prime norm. Deligne-Ribet show that this result holds for arbitrary 
integral ideals c. Extending our methods to obtain this general result seems difficult, since 
the fact that the level £ of our modular group 1^ is squarefree appears at face value to be 
essential in the argument of Proposition 12.111 
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4 p-adic measures and £>-adic zeta functions 



In this section we interpret the cocycle in terms of p-adic measures and use this perspective 
to prove Theorem [2] of the Introduction on the existence of p-adic zeta functions. 

4.1 jg-adic measures associated to 

Let X = Z£, and let 

r, jP := r {£Z[i/p\) = r i n gl 2 (z[i/ p ]). 

Given A G r™ , Q G Q, and v G Q n , we define a Z[l/£]-valued measure fi£ = ne(A,Q,v) 

on 

x„:=hxcq; 

as follows. Let a denote the matrix whose columns are the first columns of the matrices in 
the tuple A. If det(cr) = 0, then /i£ is the measure. Suppose now that det(er) ^ 0. 
A vector a G Z n and a nonnegative integer r give rise to the compact open subset 

a + p r X C X. 

These sets form a basis of compact open subsets of X, and hence their translates by v form 
a basis of compact open subsets of X„. We define \ig by applying with the constant 
polynomial P — 1: 

Ht(A, Q,v)(v + a + p r X) = V e (a, 1, Q, V -^j G £Z[|] C ±Z P . (60) 

It is easily checked that this assignment is well-defined, and that the distribution relation 
for ^£ yields a corresponding distribution relation for [ig. 

Let Ai p denote the space of functions that assigns to each (Q, v ) G Q x V a C p - valued 
measure a(Q,t>) on X„ such that a(Q,pv)(pU) = a(Q,v)(U) for all U C X„. The space A4 P 
naturally has the structure of a T-module given by 

(ya)(Q,v)(U) := or(AQ, Ay)(Al7), 

where A = A7 is chosen such that A is a power of p and A G M n (Z). 

Proposition 4.1. TTie function fig : r™ p — )-A^ p zs a homogenous (n — l)-cocycle. 

Proposition 14. 11 follows directly from the fact that ^1 is a cocycle. The following theorem 
shows that the cocycle can be recovered from the cocycle of measures fif, in other words, 
the cocycle ^1 specialized to P = 1 determines its value on all P G "P. 

Theorem 4.2. For any P(x) G V we have 

V e (A,P,Q,v)= I P(x) dfx e {A,Q,v){x). (61) 
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Proof. It suffices to prove the result when P is homogeneous of degree d. We follow closely 
the proof of Theorem 0] given in Section [2771 It was shown there (see (SSJ) that there exists an 
integer e such that for each positive integer M > e, the quantity ^e(A, P, Q, v) is congruent 
to 

-p-^> (v±± „-i n \ p My+*)' 



±E E B^N^.^ P ^ (62) 

modulo p M_e Z p . Here cr again denotes the matrix of first columns of A, and x sums 
over representatives in Z n for Z n /aiZ n . Meanwhile, y = + cr _1 £t>. The ± sign is 

(— l) n sign(det a). The expression (I6"2"j) is simplified with a change of variables. First replace 
the variable k by arbitrary representatives j for Z n /p M Z n (not necessarily divisible by £) 

such that j = k (mod p M ); the expression B^' _p Mxi (^r^^Q^j is seen from the defini- 
tions to equal Bi'~ p fci+^O')) f|+^ )Cr -iQY Then let w = a; + o^'); the expression ([52]) is 
congruent modulo p M to: 

± E B; ,-,-.,/^^ P(ljl , +t) . (63) 

u€Z n /p M cr e Z n \ P J 

Let us meanwhile evaluate the Riemann sums approximating the integral on the right 
side of ( 16TT) . There is a 5 depending on the powers of p in the denominator of P(v) such that 
for M large we have 

/ P(x)dfi t (x)= J2 P(v+3)Vi(]+P M X) (modp M -%) 

J X V jGZ"/p M Z" 

= J2 P(v+3)Ve(o-,L,Q,^A (64) 
jez n /p M z n ^ ' 

As j runs over (Z/p M Z) n , let k run over representatives for (Z/p M Z) n such that k = 7r^j 
(mod p M ). An argument similar to the proof of Lemma [2.71 shows that 

(7,1,(5, — 1 = 2^ B - K (*) + Im > a £)■ 

Substituting this equation into ( 16~4"|) and using the change of variables w = p M z + k gives 
exactly the expression in (1631) . The values are therefore congruent modulo p M ~ max { e > s } ; so 
taking the limit as M — )-oo gives the desired result. □ 

The following more general result may be proved using the same technique. 

Theorem 4.3. For any P eV, ae Z n , and M e M n (Z) n Y tjp , we have 

[ P{x)dfi e {A, Q, v) = sgn(det(M)) • ^ t {M~ l A, M l P, M~ l Q, M~\v + a)). 
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4.2 j9-adic zeta functions 

We now return to the setting of a totally real field F. Let p be a rational prime. Let a be 
an integral ideal of F and let c be an ideal of norm I such that (ac, f) = 1. We will use the 
p-adic measures defined above to construct the p-adic zeta function Cf,c,p(&> s ) °f Theorem EJ 
which we recall below. 

Theorem 2. There exists a unique Z p -valued analytic function Cf,c,p(d, s) of the p-adic vari- 
able s G W suc/i i/iai 

Cf, CJ ,(a, -At) = C f %(a, -A;) (65) 

/or a// nonnegative integers k. 

Proof. First we note that it suffices to consider the case where f is divisible by all primes of 
F above p. Indeed, if we let g denote the least common multiple of f and the primes above 
p, then we can define the p-adic zeta functions attached to f from the ones attached to q as 
follows: 

Cf,c,p(a, S) = ^Cg,c,p(M). 

Here the sum ranges over representatives b for the narrow ideal class group G s whose images 
in are equivalent to a. The analogous equation for the classical partial zeta functions (* 
follows from the fact that the sum defining (* ranges over ideals relatively prime to p. 

Therefore, suppose that f is divisible by all primes of F above p. Then Q* c = Q x . Let 
P, Q, v, and A be as in Section [31 and let fi£ = fie(A, Q, v) as above. As we saw in fl53|) - fl54|) . 
for any x G Z n the quantity P(v + x) is the norm of an integral ideal of F relatively prime 
to f . Since f is divisible by all the primes above p, this quantity is an integer relatively prime 
to p. By the continuity of P, we find that 

P(v + x) G Zp for all x G X, 

i.e. P(X„) C Tip. We may therefore define a p-adic analytic function on W: 

Cf,c*(a,s):= / P(x)- dm(A,Q,v). (66) 

Here we have followed the usual convention of writing x~ s for s(x) _1 when x G , s G W. 
For a nonnegative integer k, equation fl59l) and Theorem 14.21 yield 

( hc (a,-k) = V i (A,P k ,Q,v) 

= I P(x) k dfi e (A,Q,v). (67) 

Equation (|67|) gives the desired interpolation property (|65|) . □ 

With our applications to Gross's Conjectured] in mind, it is useful to have a formula such 
as ( 1661) for the p-adic zeta-function when f is not necessarily divisible by the primes above p. 
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Write f = fofi, where fo is the prime-to-p part of f and fi is divisible only by primes above p. 
Let f p denote the product of the primes dividing p that do not divide f . Fix an integral ideal 
o relatively prime to p. An elementary calculation following directly from the definitions 
shows that for s G C, 

C f >,s) = ^/i(b)Nb- s C f , c (ab- 1 , S ), (68) 

where /x(b) = ±1 is determined by the parity of the number of prime factors of b. For 
integers s < 0, we will express each term of (168jl as an integral with respect to the measure 
Hi in such a way that the sum can be interpolated p-adically. 

Define the variables A, P, Q, v as in Section [3] using the ideals a and fo- In particular, 
{wi} is a Z-basis of a _1 f . Dot product with w = (wi, . . . , w n ) gives a bijection between the 
spaces X„ = X and O p = Yl P \ P ®p- Using this bijection we view fie(A, Q, v) as a measure on 
O p . For each prime ideal p | p, define O p j := 1 + fO v , and write 

O p , f :=l + fO p = ]JO pf 

P\p 

Let b denote an integral ideal of F with p-power norm such that (b, f) = 1 (so b is a product 
of prime ideals dividing f p ). Define 

o pM :=bO p nOp ;f = l[bO p x J] o p>f . 

p\b p\p, pf6 

Write 

o; if := o; n o p , h o; 4 ■.= J] o* f , o; Af : = J] bo; n o Ptf . 

p\p p\p 

The following formula generalizes flB^]) to the current setting, where f is not necessarily 
divisible by all primes above p. 

Proposition 4.4. We have 

C f , ClP (a, s) = (Nac)- S / (Nx)~ s dfi t (A, Q, v). (69) 

More generally, with b as above we have 

C f , c >b-\ s) = (Nac)- S / (Nx); s d/x^A, Q, «), (70) 

Jo* . . 

P,b,f 

where x p := x/p ordp ^ is the unit part of x E . 

Proof. We first express the zeta value Cf jC (ab -1 , —k) for a nonnegative integer as an integral 
over the space O p ^,f- Fix an integral ideal q relatively prime to fp whose image in is the 
inverse class of b. Therefore bq = (tc) for a totally positive 7T = 1 (mod f). 
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Fix a Z-basis u = (ui, . . . , u n ) for a _1 bf such that (jUi, 112, ■ ■ ■ , u n ) is a basis for a _1 c _1 bf. 
Let M be the matrix such that wM = u. It is clear that M G M n (Z), and that | detM| = 
Nbfi is a power of p. Furthermore, it is clear that M G r^ p , so M satisfies the conditions of 
Theorem 14.31 For simplicity let us choose the basis u such that detM > 0. 

Next, let R note the matrix representing multiplication by 7r with respect to the basis 
w, i.e. such that wtt = wR. Note that R commutes with the matrices Aj in the definition of 
the chain A. Now a _1 q _1 f = 7r _1 (a _1 bf) has basis ir~ l u = wR~ l M. If we use this basis to 
define the variables A aq , P aq , Q aq , v aq as in Section [3] using the ideals aq and f, then we find 

,L u; = M : AM, 
P aq = Nb- 1 • (M*P), 
Q aq ~ M _1 <5, 

v ncI = Af-^w + a) (mod Z"), 

where a 6 Z" is chosen so that 10 • a = 71 — 1 G a -1 fo. Here Q aq ~ M~ 1 Q means that the 
corresponding tuples of linear forms are equal up to up to scaling the linear forms by positive 
reals (which does not affect the value of the cocycle \E^). 
For any nonnegative integer k, we therefore find 

Cf,c(oq, — fe) = ^e(A aq ,P^Q aq ,v aq ) 

= \b A vI'/(.\/ '.l.U. (M*P) fc , M _1 Q, M _1 (f + a)) 

= Nb"**/(M -1 A, (M^P^M^Q.AT^v + a)) (71) 

= Nb- k [ P{x) k dfj, e (A,Q,v) (72) 

= (Nacb" 1 )* / (Nr) fc dfj, e (A,Q,v). (73) 

Equation ( 17T1) follows from [Scl Lemma 4] . Equation ( 1721) follows from Theorem 14.31 In 
equation (1731) we have identified t> + a + M(X) with Pl b,f via dot product with w. From 
(|68|) and (173]) and an inclusion-exclusion argument, it follows that 

C; t (a,-A;) = (Nac) fc / (Nx) k dfi e (A,Q,v). 
This proves (1691) by interpolation, and (1701) holds similarly. □ 

5 Order of Vanishing at s = 
5.1 ]>adic L- functions 

As in the introduction, let \ : GaX(F/F) — > Q* be a totally odd finite order character with 
conductor f. The p-adic L-function L c>p (xcu, s) : Z p — > C* is given by 

LcAxu, s) = x(ac)Cf,op(a, (•)*)■ 
oeG f 
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Let pi, ... , p rx denote the primes above p such that x(Pi) = 1- ( m particular each pi f f.) 
The goal of the rest of the paper is to prove Theorem [3j which states that 



LW( X ou,0) =0 for k<r x . 

In the sequel, we write simply r for r x . Let G PtX C Gf denote the subgroup generated by the 
images of pi, . . . ,p r - Let e, denote the order of pi in Gf, and write p^ = (7^) for a totally 
positive 7Ti = 1 (mod f). Let 

e= \J[eij /#G M GZ. 

We then have 



aGGj/G p , x bGG PlX 



6 aeG f /G p , x binLiP?" 1 



- V X (ac)(Nac)- s [ (Nx)- a dfi t (A a ,Q a ,v a ), (74) 
e .™ Jo 



e 

aGG f /G p , x 



where 



o=n^- 7r Ajx n °h- 

i=i p\p, p^pi 

Equation (jT4|) follows from Proposition 14.41 (As usual, the representative ideals a are chosen 
relatively prime to fp.) 

In order to prove Theorem [3j it therefore suffices to show that the integral in ( 1741 has 
order of vanishing at least r, i.e. that 

/ (log p Nx) k dm{A, Q, v) = for < k < r. (75) 
Jo 



5.2 Spiess' Theorems and the proof of Theorem [3] 

In this section, we explain how the cocycle of measures \xi can be combined with Spiess's 
coho mo logical formalism for p-adic L-functions to deduce f l75|) . and thereby prove Theorem [3j 
All of the definitions, results, and proofs in this section are due to Spiess |Spl| . 

Denote by E C 0* F the group of totally positive units of F congruent to 1 modulo f. 
Denote by T the subgroup of F* generated by the 7Tj, for i = 1, . . . , r. Denote by U = E x T 
the subgroup of F* generated by E and T. 

Write F p = Ylp\ p Fp f° r the completion of F at p. Let C C (F P ) denote the C p -algebra of 
C p - valued continuous functions on F p with compact support, and similarly for C C (F P ), for 
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p I p. Write S = {pi, . . . , p r }, and for each p G S define C b c (F p ) to be the subspace of C C (F P ) 
consisting of those functions that are constant in a neighborhood of 0. Finally, define 

<Z(F p ):=®& e (F p )® (g) C(0;)CC C (F P ). 
pes p\ P , 

In other words, C C (F P ) consists of functions on F p that can be written as finite C p -linear 
combinations of products n^b/p) with fp G C c {F p ) for p G S and f p G C(O p ) for p | p, 
p G' S. Note that, for instance, lo • (log p Nr) fc G C^(F p ), since for a tuple x = (x p ) G F p with 
x p G O p , x p 7^ 0, we have 

log p Nx = ^> p (x), where £ p (x) : = log p N Fp/Qp x p . (76) 
p 

Note that U acts on C b c (F p ) by (u ■ f)(x) := f(x/u). The cocycle fie along with the ideal 
a allow for the definition of a homogeneous cocycle 

K a eZ n -\U,& c (F p y) 

as follows. Given ei, . . . , e n G U, let A* G r^ jP denote the matrix for multiplication by with 
respect to the basis {wj} of a _1 fo, and define 

K n (ei, . . . ,e n )(/) = / f(x)dfi t (Ai, . . .,A n )(Q a ,v a ). 
Jf p 

As in the previous section, we have identified Q p with F p via dot product with (w\, . . . , u> n ), 
and thereby view fig as a compactly supported measure on F p . The cocycle n a yields a class 
[K a )£H-\U,Cl(F p y). 

Meanwhile, for each nonnegative integer k we define a class [£&] G H n -i(U, C C (F P )) as 
follows. Let ei, . . . , e n _i denote a basis of 2£, and define 

£ fc := ^(ei, . . . , e n _0 ® 1 Q • (logp Nx) fe G ^(f/, C c b (F p )), 

where A is defined as in ( 1551) . Tracing through these notations, it is clear that the left side 
of (175]) is given by 

/ (log p Nx)^/i,(AQ^) = ±<[K tt ], [£*]), (77) 
Jo 

where the pairing on the right is the usual cap product 

H n -\U,C b c (F p y) x H^U.&^Fp)) — ► C p 

(and the ± is given by the sign p appearing in the definition (155|) of A). In view of the 
discussion of Section [5TT1 (in particular (1751) ) and (1771) . Theorem [3] is reduced to proving that 

[£ fc ] = in H n ^(U, C b c (F p )) for fc < r. (78) 

The proof of (178)) is broken into two steps. Let / denote the augmentation ideal of the 
group ring C P [T]. 
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Theorem 5.1 (Spiess, |gplp . The natural map H n ^(U,C b c (F p )) — >H n ^(E, C b (F p )/I) is 
an isomorphism. 

Theorem 5.2 (Spiess, |Spl| ). For k < r, we have 

lo-(te gp Nx) k eI-C b c (F p ), 

and in particular the image of [£&] in H n _ 1 (E , C\(F p ) / 1) vanishes. 

Theorems 15.11 and 15.21 combine to yield (178|) . which in turn combined with (1771) and fl74|) 
yields the proof of Theorem [3j For completeness, we recall Spiess's proofs of these results. 

Lemma 5.3. The space C b c (F p ) is a free C p [T]-module. 

Proof. We show by induction on r that 

C" C (F S ) :=<g)Cj(F„) 
pes 

is a free T-module. To this end, fix p = p r G S and write n = ir r , S' = {pi, . . . , p r _i}, 
and T' = (vrj)^ 1 , so T = T' x (n). Our inductive hypothesis is that C c (Fs') is free as a 
C p [T']-module. 

The space C C (F*) of compactly supported continuous functions on F* can be identified 
with the subspace of C b (F p ) consisting of those functions that vanish on a neighborhood of 
0. Write C°(F P ) for the space of compactly supported locally constant functions on F p , so 
in particular C b c (F p ) is generated by its subspaces C C (F*) and C°(F p ), and we have 

& c (f p )/c° c (f p ) = c c (f;)/c° c (f;). 

We therefore obtain an exact sequence 

o — ► ct(F s ,) ® c° c (f p ) — > c b (F 5 ) — ► cj(j^) ® c c (f;)/c 6 °(f;) — ». o. (79) 

It suffices to prove that the first and third terms of the sequence are free C p [T]-modules. 
Since T p := O p — ttO p is a fundamental domain for the action of tt on F*, we have 

C° c (F p ) = C° C (F;) © C p l 0f = (IndW C°(T p )) © C p l 0f (80) 

as C p [T']-modules. Choose a T'-stable decomposition C (J-p) = V © C p ljr p (for instance, 
we may take C C°(J-p) to be the subspace of functions that have integral against Haar 
measure on O p equal to 0). Using \j v = (1 — 7r)lo p , one sees from (1HD1 that 

C c (F P ) = Ind W (U©l Op ) 

as C p [T]-modules. Lemma E31 below then implies that C b c (Fs>) © C°(F P ) is a free C P [T]- 
module. 

Similarly, 

c c (f;)/c° c (f;) = ind^(C(jr p )/c°(T p )) 

as a C p [T]-module, and hence the third term of fl79l) is a free C p [T]-module by Lemma [5.41 
We conclude that C),(Fs) is a free C p [T]-module, and hence C b c (F p ) is as well. □ 
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Lemma 5.4. Let G\ and G 2 be groups, G = G\ x G 2 , and let K be a field. Let Mx,M 2 
two K[G]-modules such that M 2 = Ind G2 N 2 as a K[G]-module for some G\-module N 2 , and 
Mi = Ind Gl Ni as K[Gi]-modules for some K -vector space N\. Then M\ ®k M 2 is a free 
K[G]-module. 

Proof. One verifies that M x ® K M 2 2* Ind G (iVi ® K Res Gl A^ 2 ). □ 

Lemma 15.31 immediately yields: 

Proof of Theorem \5. 1[ Since C b c (F p ) is a free C p [T]-module, it has homological dimension 1, 
and the Hochschild-Serre spectral sequence 

El q = H p (E,H q (T,C b c (F p ))) =► H p+q (U, C b c (F p )) 

degenerates at E 2 . Therefore the maps E n — > E 2 are isomorphisms as desired. □ 
We now move on to: 

Proof of Theorem \5. 6 A As above we write S — {p 1; . . . , p r }. For any subset R C S, let 

o R := n^-^Ajx n °p> x n 

PttR pi&S-R p\p, p£S 

so in particular O5 = O. 

From (!76l) it follows that (log Nx) fc can be expanded as a sum of monomials of the form 

p\p 

where n = (n p )p\ p is a tuple of nonnegative integers such that |n| := J2 p n p = k. We will 
prove by induction on \n\ that if R C S is a subset such that n p = for all p E S — R and 
\R\ > \n\, then 

io R -£(x) n ei-Cl(F p ). 

The desired result will then follow from the case R = S, \n\ = k. 

For the base case, \n\ = 0, we choose G R (which is possible since \R\ > 0), let 
R' = R — {pi}, and note 

l OR = (1 - • 1 QrI . (81) 

The inductive step is similar, using the linearity of the functions l p . Given R C S such 
that n p = for all p G S — R and \R\ > \n\, we may choose a pi G R such that n Pi = 0. Let 
R> = R- {p.}. Then: 

(1 - ^y{xT = n w - - £ p(^)) np 
p\p p\p 

= Yl a n'Kx) n ' (82) 

n'.\n'\<\n\ 
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for some coefficients a n > (where n' p = for all p € S — R' if a n > 7^ 0). Using the formula 

((1 - 7T)f) -9=(1- 7T)(/ -9) - f ■ ((1 - 7T)0) + ((1 - tt)/) • ((1 - tt) 5 ) 
applied with / = lo Rl , g = £(x) n , and n = 7Tj, equations (IHTj) and (!82|) combine to give 

i OH - w =((1-^)10,,) -^r 

n' n' 

Each of the terms lo , ■ i(x) n and lo R ■ £{x) n ' lies in I ■ Cl(F p ) by the inductive hypothesis, 
yielding 1 Qr ■ £(x) n E I ■ C b c (F p ) as desired. □ 
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